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Abstract. It is well known that the real and imaginary parts of any holo- 
morphic function are harmonic functions of two variables. In this paper we 
generalize this property to finite-dimensional commutative algebras. We prove 
that if some basis of a subspace of a commutative algebra satisfies a polynomial 
equation then components of a hyperholomorphic function on the subspace are 
solutions of the respective partial differential equation. 



Let A be a finite-dimensional commutative unitary algebra over K = K (or C), 
a set of vectors e*o, e*i, . . . , e„ be a basis of A, and eo be the unit of the algebra. 
Suppose B is m-dimensional subspace of A with the basis e*o, e±, . . . , e m , m < n. 
Consider a function / : B — ► A of the following form 



/(£) = ^2e k u k (x), 



fc=0 

where u k {x) — Uk(%Q,Xi, . . . ,x m ) are real (or complex) functions of m + 1 argu- 
ments. 

Definition 1. f(x) is called differentiable at a point xo E B if there exists the 
function /' : B — > A such that for any /igB 

i?,(rs\ v f(%o+eh) - /(go) m 
hf'(x ) = hm , (1) 

S— >0 £ 

where /' doesn't depend on h. 

A function / is said to be hyperholomorphic if / is differentiable at every point 
ofB. 

Theorem 1. A function f(x) — X)fe=o £kUk(x) is hyperholomorphic if and only if 
there exists the function f':I5—>A such that for all k = 0, 1, . . . , m, and \fx G B 

- ,. f(x + ee k )-f(x) 

e k f'{x) = hm , (2) 

e— >0 £ 

where f doesn't depend on e k - 
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Proof. Suppose that ((2]) is fulfilled, then it is easily verified that 
ej> = lim_ = ELo e fc |^ = e, ELo 



e*m/' — lim e _,0 ^ 7^ ^ ^ — J2k=0^ k dx^ -^mEfco^a" 



Consider ft = ELo hke k - It follows from Eqs.® that 



This implies that 



= *o ELo 4^ + h ELo 4fg- + ■ • • + h m ELo 4fe 



lim /(^+£fe)-/(x) 



Furthermore, it follows from Eqs.([3|) that 

ho ELo elft + ^ ELo 4fe + • • • + h m ELo 4^ = 
ho ELo efef^ + ftiei ELo efcf^ + • ■ ■ + ^4 ELo efcf^ 

Therefore, for every /i S B 



_ du k ,. f{x + eh)~f(x) 
h } e k - — = hm 



k=0 



n n 

9xo 



fc=0 



By using Eq.Q, we have 
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En -* 
fe=0 e > 



duk_ 



En 
k=0 efe 



dx ' 



(5) 



V™ p, duk — P V™ P, 
l^k=0 efc dx m ~ Cm l^k=0 Ck dx ' 

Eqs.([5]) will be called the Cauchy-Riemann type conditions. In paper pQ we 
studied hyperholomorphic functions / : A — > A. 

1. Solution of some differential equations 
Let us consider the following partial differential equation 

J2 Cioh-im a lnn T, — 1 -u(x ,Xi,...,X m ) = 0, (6) 

where Ci i 1 ...i m 6 if are constant coefficients. 

Theorem 2. Suppose that some subspace B of algebra A /ias a basis e*o, e*i, . . . , e m 
swc/i i/iai 

^...^(gb)* ^!)* 1 . . . (e m y™ = 0, 

io+ii+— +«m='" 

and a function f(x) — Y^k=o &kUk{x) (/ : B — *■ A) is hyperholomorphic. 
Then functions Uk(x), k = 0, 1, . . . ,n are solutions of Eq.^j). 

Proof. It follows from the Cauchy-Riemann condition ((U that 



This implies 



Therefore, we obtain 



a — = e fe"H— > K = 0,1,. 



dx{ yGk> dxl 



Qr ^ 

»0+»l+...+*m=r U 1 

i +i!+...+i m =r 



□ 



Example 1. In case where A and B are complex numbers a differentiable function 
is holomorphic. Basis eo = l,ei = i satisfies the equation (eb) 2 + (ei) 2 = 0. 
Therefore, the real and imaginary parts of any holomorphic function satisfy the 
Laplace equation 

d 2 d 2 

In paper [2] it is considered algebras which differentiable functions have harmonic 
components that satisfy the three-dimensional Laplace equation. 
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